e Open Mathematics and Computing: A Fourth Level Course M433 SS 
niversity M433 Aspects of Abstract Algebra 
The theory of field extensions in Unit 5 provides several results which we have 
used to investigate particular field extensions. Here we provide a summary of 
these techniques in the form of strategies for investigating extensions, together 
with examples of the use of the strategies. 
Strategy A: To investigate a simple extension K(q) 
Example: Q(w), where 
wa pols a -i A CENI 
1. Isac K? w ¢ Q, so the answer is ‘no’. 
If the answer is ‘yes’, then K (a) = K and there is no 
more to be done. 
If the answer is ‘no’, then continue. 
2. Find a polynomial p in K{t] of which a is a zero. w? = 1, so w is a zero of tê — 1. 
It is possible that there is no such polynomial, in 
which case a is transcendental over K so that 
K (a) = K(t) and there is no more to be done. 
If there is such a polynomial, then a is algebraic 
over K, so continue. 
3. Find a factorization of p as qr such that q is B—-1L=(t—1)(?+¢4+ 1); w #1, so w 


on 


irreducible over K and has a as a zero. 
It is usually necessary at this stage to prove that q is 
irreducible. 


Write down the minimum polynomial m of œ over K. 
This is the monic polynomial of the form Atq (where 
A is the leading coefficient of q). 


Write down the degree of K(a) over K. 
This is Om (which equals ôq). 


Write down the form of a general element of K (a). 
This is f(a) where f is the general polynomial in K[¢] 
of degree at most ôm — 1. 


must be a root of t? +4+ 1. Thus, since 
w ¢ Q, t? +t+ 1 cannot be factorized 
into linear factors over Q. Hence 

t? +t+ 1 is irreducible over Q. 


m =t? +t + 1 since this is monic 
(i.e. A = 1 here). 


Qw) : Q] = ôm = 2. 


Q(w) = {a +bw:a,b E€ Q}. 


Note Steps 2 and 3 could be, in a particular example, quite impossible to carry 
out in practice. However, in this course we shall meet many examples where this 
strategy works well. 
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Strategy B: To investigate a general extension of 
the form L(ai,..., an) 


Investigate L(a,): L as in Strategy A, then put Kı = L(a;) giving 

L(a1, a2) = L(a1)(a2) = Ki (a2), 
so that, having investigated Kı, we can investigate Ky(a2) as in Strategy A. 
Proceeding in this way we can, in general, put K, = L(ay,...,a,) and, having 
investigated K,, we can investigate Ky4; = L(@1,..., ær, ar41) = AK; (@p41) as in 
Strategy A. When r + 1 = n we have finally found the general form of an element 
of L(a1,...,@n). Note that [L(ai,...,@n): L] is the product of all the degrees 
Lar, -c @r41) : LCs 12 25. @p)] (r=1,...,n—1), 
together with [L(a,) : Z}. 


Example: Q(/2, V3) (we studied this extension in Section 5.2). 
(1) Apply steps 1 to 6 from Strategy A to Q(v3) : Q. 

. BEQ. 

2. v3 is a zero of t? — 3. 


3. 4? —3 is irreducible over Q. 


4. 14° —3 is monic, so it is the minimum polynomial of /3 over Q. 

5. [Q(V3):Q] =2. 

6. Q(V3) = {a+ bV/3:a,b€Q}. 

Apply steps 1 to 6 to Q(V3)(V2) : Q(V3). 

1. V2 ¢ Q(V/3) (we proved this in Example 6 of Section 5.2). 

2. V2 is a zero of 1? — 2. (Note that {? — 2 is a polynomial over Q(/3).) 

3. Since V2 ¢ Q(V3), 1? — 2 cannot have any linear factors over Q(V3), thus 
t? — 2 is irreducible over Q(v3). 

4. t?—2 is monic, so it is the minimum polynomial of V2 over Q(V3). 
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5. [Q(V3)(V2) : Q(V3)] = 2. 
6. The form of a general element of Q(V3)(V2) is a+ bV2 where a,b € Q(Vv3). 


Thus a = c + dv3 and b =e + fV3 where c,d,e, f € Q, and so 
a+bv2 = (e + dv3) + (e + fV3)V2 = c + dv3 + ev2 + fV3 V2. 
Thus Q(V2, V3) = {c +dV3 + eV2 + fV6:¢,d,¢, f € Q}. 
Finally, [Q(v2, v3) : Q] = [Q(v2, v3) : Q(V3)][Q(V3) : Q] = 2 x 2 = 4, and so {1, V3, V2, Vb} 


forms a basis for Q(Vv2, V3) as a vector space over Q. 


Strategy for finding automorphisms of field 
extensions 


We can extend the above ideas to a technique for finding automorphisms of fields 
(field automorphisms were introduced in Section 2.4). To do this, we need to use 
the following theorem, which is a corollary of Theorem 3.8 of Stewart. 


Automorphism Theorem 


If is in the simple algebraic extension K(a) of K, and the minimum polynomial 
of p over K is the same as that of a, then there is an automorphism ¢ of K(a) 
such that (k) = k for all k € K and ¢(a) = £. 


Proof 


Theorem 3.8 tells us that there is an isomorphism ¢ : K(a@) — K(f) such that 
(a) = £ (this is what ‘the isomorphism ... can be taken ...’ means). To prove 
that it is an automorphism, we need only show that K(a) = K(8). Now BE K(a) 
so that K(f) C K(a). However, since a and £ have the same minimum polynomial, 
Theorem 4.3 of Stewart gives [K(a) : K] = [K(8): K]. Therefore Theorem 4.5.1 
shows that K(a) = K(Q), so that ¢ is an automorphism. Finally, the way ¢:is 
defined in the proof of Theorem 3.8 in Stewart shows that $ maps every element 
of K to itself. W 


In order to see why our strategy works, it is also essential to understand that if we 
have an automorphism ¢ of K(a) and we know what ¢ does to every element of K 
and to the single extra element a, then we know what ¢ does to every element of 
K(q). This is because every element of K (œ), for example 


_ a+ ba — ca? 

~ da +ea3 ’ 
is obtained from elements of K and the single element œ by the use of the field 
operations. We know that an automorphism respects the field operations, so 


ajs gla) + e)la) ~ (6)(3(a))? 

(4)(9(@))° + b(e)(P(a))5 

Therefore if a,b,c,d,e € K, then $(«) can be calculated from the values of olk), 
for all k € K, and the value of ¢(a). Suppose, for example, that we have the 
situation described in the Automorphism Theorem: then ¢(k) = k for all k € K, 
and ¢(a) = 3, so 


So now for our strategy—it is a continuation of Strategy A, so we continue the 
numbering used there, and use the same illustrative example. 


Strategy C: To find automorphisms of K (a) 


Q(w), where 
w = e27i/3 — -4 + x3; 


Find all the roots of m. 


Find all the roots of m which are in K (a). 
Note that œ will always be one of these, and that there 
may be no others. 


Write down automorphisms ¢ of K(a) such that 

o(k) =k for allk EK. 

For each root @ found in step 8, there is an 
automorphism ¢ of K (a) such that |x = 1, defined 
by (aœ) = 2. We have just seen how to work out its 
effect on the general element of K(a). Note that there 
is always an automorphism such that ¢(a) = a; this is 
the identity function on the whole of K (a). 


t?+¢+ 1 has roots -4 + Bi 
(i.e. w and w?). 


One of the roots is w, which is in 
Q(w). The other, as you can check 
is w?, which is also in Q(w). 


, 


(a) = a for alla € Q and 
pilu) = w give 

pila + bw) = a + bw 
for all a + bw € Q(w). This is the 
identity automorphism of Q(w). 
¢o(a) = a for all a € Q and 
ha(w) =w? give 

la + bw) = a+ bw? 


for all a + bw € Q(w). 


In Problem 7.1.6 we shall prove a result which shows that this method gives us 
every automorphism ¢ for a simple extension K (æ): K such that ọ(k) = k for all 
k € K, so it is a very useful strategy. 


Extensions which are not, at least at first sight, simple, such as Q(v2, V3): Q, are 
not so easy to deal with, but we can sometimes use Strategy C to find some, or 
all, of the automorphisms of such extension fields. Let us investigate this example, 
building on our previous work. 


Example: Automorphisms of Q(v2, V3). 

Q(V2, V3) = Q(V3)(V2), so we can apply steps 7 to 9 from Strategy C with 
K = Q(V3), a = V2. This gives the following. 

7. t?—2 has roots +V2. 

8. Both of these are in Q(V/3)(V2). 

9. This gives two automorphisms, for all a,b € Q(V3): 


bı :a+bV2-> a+ bV2 (the identity), 
by a+ bV2-+a—bv2. 


We can go further than this, since Q(v2, v3) can also be thought of as Q(V2)(V3) 
or, and you should check this one, Q(/6)(/3). So we can follow through the whole 
strategy for these two extensions. 


Comments 


You should check these. 


These proofs are like those 


for t? — 2 over Q(V3). 


¢, is the identity again. 


Q(V2)(V3) : Q(V2) Q(V6)(V3) : Q(V8) 
1 | V3 ¢ Q(V2). v3 € Q(V6). 
2. | V8 is a zero of t? — 3. V3 is a zero of t? — 3. 
3, 4. | Sincev3 ¢ Q(V2), t? — 3 is Since V2 ¢ Q(v6), t? — 3 is 
irreducible over Q(v2) (and monic). | irreducible over Q(V6) (and monic). 
5. | [Q(V2)(V3) : Q(v2)] = 2. [Q(V6)( v3) : Q(V6)] = 2. 
6. | a+bV3, a,b € Q(V2). a+byv3, a,b € Q(V6). 
7. |t? —3 has roots +V3. t? — 3 has roots +V3. 
8. | Both of these are in Q(v/2)(V3). Both of these are in Q(V6)(V3). 
9. | Two automorphisms Two automorphisms 
$144 bV3H-+ a +bV3, $i :a +bV3 i a+ bv3, 
$g : a +bV3 — a — bV3, $4 :a+bV3 — a—bv3, 
a,b € Q(V2). a,b € Q(V6). 
It is not clear at this stage that ¢,, 2, ¢3 and ¢4 are four distinct automorphisms 


of Q(v2, V3). To check this, we need to look at the effect of each on the general 
element c + dV/3 + eV2 + fV6 of Q(V2, V3): 
(c+ dv3 + eV2+ fvV6) = c+ dv3 + eVv2 + f V6; 
pale + dv3 + eV2 + fV6) = alle + dv3) + (e + fV3)V2) 
= (c + dv) — (e + fV3)V2 
= c + d3 — e V2 — f V6; 
pale + dV3 + eV2 + fV6) = $5((c +ev2) + (d + fV2)V3) 
=c+eV2—-(d+ fv2)V3 
=c—dvV3+ev2-—fV6. 
Checking ¢, is a little harder; we put V2 = v2 = Mig = ATED Then 
pale + dvV3 + eV2 + fvV6) = b4 (-+sv6+ («+<2) vs) 
=c+fv6— (uf) vs 


=c—dvV3—eV2+4 fv6. 


So we have found four distinct automorphisms of Q(V2, V3). Using the meth- 
ods of Unit 7 (for example, Solution 7.1.1), we can show that these are the only 
automorphisms of Q(./2, V3). The argument runs as follows. 


Let ¢ be any automorphism of Q(/2, V3). Now Q is the prime subfield of Q(./2, V3), 
and so, by Theorem 2.4.6, (x) = x for all z € Q. Thus 


(¢(V2))? = 6((V2)?) = 4(2) =2, so that (V2) = V2 or —V2. 
Similarly, 
(¢(V3))? = 3, so that (V3) = V3 or —V3. 


Now if we know the effect of ¢ on the elements of Q and on V2, then we know 
its effect on every element of Q(V2), and if we also know its effect on V3, then 
we know its effect on every element of Q(V2)(V3) = Q(V2, V3). Now we know, 
for any automorphism ¢, that ¢(a) = x for all x in Q, that there are two choices 
for (V2), and that there are two choices for ¢(V3). Having chosen $(V2) and 
$(V3), we know the effect of @ on the whole of Q(v2, v3). There are therefore 
at most 2 x 2(= 4) automorphisms of Q(v2, V3). We have already found four, so 
that 1, ¢2, ¢3 and ¢, are the only automorphisms of QVZ, V3). 
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